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It was shown in [1] that strong discontinuities different from the elastic shock
waves may form in elastic-plastic media, and this fact leads to the necessity
of formulating additional conditions at the discontinuities, It would therefore be
desirable to be able to single out those media for which solutions could be con -
structed without the need of using such discontinuities,
In [2] it was shown that with the Mises yield condition and the isotropic work-
hardening property, the plane simple waves do not break up in the presence of
two velocity components when certain restrictions
A Oy ,’ are imposed on the initial state of stress, This is
/ valid for those media which, on a simple comp~
/ ression test, produce a stress-strain curve convex
in the direction of the stress axis (Fig, 1). Below
we generalize this assertion to the case of arbitrary
plane simple waves in the same medium, A sol-
7| -Exx  ution of the problem of collapse of an arbitrary
discontinuity is constructed under stricter condi-
tions, In this case the only discontinuities are the
elastic shock waves, the contact type discontinuities and the discontinuities rep-
resenting the limiting case of simple waves propagating at constant speed,

Fig, 1.

1, Using the framework of the geometrically linear theory, let us consider the motion
of an elastic-plastic medium, the free energy of which is given by F = F,(g;;°) +-
~+ F5 (T) Under the usual assumptions [3], the temperature T’ does not enter the stress-
strain equations, Consequently, for such a medium the mechanical problem can be sol-
ved separately from the heat problem, In particular, the condition of conservation of
energy at the discontinuity does not impose any restrictions on the velocity and the
stresses, It merely represents a boundary condition of the problem on the temperature
dismibution,

The equation of the stress surface written in the Mises form is as follows

I ¢ O §
T2=1,5 6, =k (x) (dy=ocyde® or dy=7Vde deP)

Here ¢y;" is the deviator of the stress tensor and k% ()) is a prescribed, monotonously
increasing function, The relations within the parentheses are equivalent to each other
for the condition (1,1) in the presence of an associated law,

The following rule associated with (1,1) is adopted for the plastic deformation incre-
ments
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deyP =dhs,  dA>0 (1.2)
and the Hooke's law for the other deformations, Finally, for the total deformations we
have _ap
- K = = (p= — Y30k

1 [0, 0v; 1 87;,c _ 67» 1 9s; _ (1.3)
7(axj %%, ) ¥, 0= % by (K= const)

From (1,1) and (1,2) we have dy = 2k (x)dMh. Thus % = 7% (A) and we can write (1,1)

as A = @ (J) where (O (J) is a monotonously increasing function with the load con-
dition

d‘D L= 47 when A=®(J), dJ >0
dh =

(1.4)
0 when dJ 0

and also when @ () <A

Below we shall study plane waves propagating in a constant state, for (1,3), (1.4)
and the equations of motion

dvy dsn 3 512

_ dvs I313
7%t T oz ° Po 37 = 5z

Oo 70 = B (1.5)
In the case of a one~dimensional motion it follows from (1, 3)
1 8 a\ 1 851
o B (622 — G33) -+ 57 (332 — G35) = 0 on Bt + at Sg3 =0 (1.6)
When the state of stress ahead of the wave is described by 0y — 033 = 0 and Ga3 =
= () (the last equation can be obtained by rotating the coordinate system about the J -

axis), we have 0y — 0,3 = 0 and Oy == 0.The case of 0y — 033 = 0, with the
additional assumption of vy =

Oand 0,3 = 0 was studied in [2], Below we shall in-
vestigate the case v, == 0 and 0,4 == 0,and the condition Oy — Og3 = 0 will also be
subsequently removed,

Performing the change of variables
: /3
Jr= o+ P Fan® Fot B G p) = J cosB (00 <)
;0 = J sinBcosp, 615 = JsinBsing (0 ¢ < 2m) (1.7)

we obtain the system (1, 3) - (1, 5) in the plastic region in the form

2o
—-—%%’%Jr( -7+ 2p> Ty zp.l'cosﬂcnwpa— ;M—Jsinesinfpg—(fzo
~—;—§§§+(\J%Dj+'z%>a—‘]+ JcosBsing §?+ri—fsisi€}cos{p%;1=0
%%—( 0;‘3 up)+ 5 Jsin6 51 =0 (1.8)
906;,:1_*— cos 9—

V_ %:JsinGEmO
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dor a7 A 00 P T
Po 57 ~smecoscp—7— ~ JeosBeos g5 - JsinBsing - =0

dvs . 20 o . ap
Po 57 —smesmfp J’cosesmtp—a—;—meBu)scp%~()

We shall take J as the s1mple wave parameter in (1, 8), i, e. we shall consider the sol-
utions of (1, 8) of the form u = u [J (z, #)], where u = (v, V2, Vs, J, P, 0, @).
The system (1, 8) which has the form A (u) du / dt -+ B (u) du / dz = 0, canbe
reduced to the following system of ordinary differential equations

[—Cw 4w+ Bl du/dJ =0 (1.9)
where C (u) is the root of the characteristic equation det (— CA -+ B) = 0
Investigation of the characteristic equation can be simplified by utilizing the Mandel

theorem [4] 0 CP << Crr < CoP << Cpe <K Cyp < Ce (1.10)

where (C;° and C;P denote, respectively, the elastic and plastic characteristic veloci~

ties, Since C.f = Cy¥=v"nTp,

we also have
P = Vu/p,

whereupon C,P and (P can be found from the characteristic equation
aat + Ba? + =0 (or2 = poC?)
b | 1 o ap) _ K
a=J7‘U—+—2@—,B*— <KJ, p,—}— sin 9) o
T=pJKJB~J—cos29 +Tpt+ %K 111
The simple waves break up if dC / dt= (dC / dJ) (dJ / 8t) > 0 orif dC / dJ
> 0,since in the plastic region 8J / 8t > 0. If dC | dJ < 0, the simple wave be-
comes flatter, Under d / dJ we understand a derivative given by (1,9). The expressions
dC/dJ and da®/dJ have the same sign for the waves moving to the right, Differentia-
ting (1,11),we fihd that the sign of da?/dJ coincides with the sign of S = a* da/dJ -

+a*df / dJ 4 dy / dJ for the waves moving at velocity C,P (slow), and is opposite
for the waves moving at velocity C,* (fast)

U‘l ~1

d d® do )
SZW(J >D—{ 2Kp( |- 3/c)JdJ T sin 6 cos 0 (1.12)

D=a"— (K+ n-+"Ys p sin?0)a? 4+ Kp cos®0

In the following we assume that d (Jd ® / dJ) / dJ >> 0. This inequality represents
the condition of convexity of the stress~strain curve for the simple compression test (Fig,1),
We shall show helow that in this case no strong discontinuities are formed; when
d(J d® /dJ)/ dJ < O the discontinuities obviously appear even when the motion has
a single (longitudinal) velocity component,

From (1, 9) we find 0 o (a2 — K) dO >

o — e ( T RKtap/3—aF af

Substituting @® from (1,11) and using (1,10) qe find that the signs of d6 / dJ andtg 0
are opposite for the fast waves, and equal for the slow waves, Further, by (1,11) we
have
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D= (1) et (B ) s Bk

from where, in accordance with (1,10), it follows that D > O for the fast waves and
D < O for the slow waves, Using (1,12) and the sign estimates obtained above we can
finally establish that dC / dJ <C O for both slow and fast plastic waves,

Thus, no shock waves form from the simple plastic waves, The waves which propagate

at velocity C,p = 1/” /po

without distorting their form can be regarded, in the limit (e, g, in a self-similar solut~
ion), as shock waves, For these waves the problem of determining the relations at the
discontinuity is simple: all quantities vary as those in a simple wave, It should, however
be noted that the result obtained follows from imposing arbitrarily strong restrictions,
Break up of simple plastic waves is possible even within the framework of the geometri-
cally linear theory with the effects of heat disregarded [1], In this case additional con-
ditions at the discontinuities can, and must be obtained by considering the structure of
the discontinuity [5],

Finally, the condition Uz — Ggg3 = ( should be disposed of, If we have Oyy — Ogg =
== Yo ahead of the wave, then from (1.6) it follows that Oy — Gg3 = Yo € **, and
the equation of the stress surface

JE=3g (01 + PP+ 01” + 015" + Yy (0 — G = k2 [X (M)] or A =D()
(1.13)

can be rewritten in the form

P=3%,(6; + p)* + 01" F 01" = R[N (M) — Y vl or A=Y (]) (1.14)

Since Oy;— 033 does not enter the remaining equations of the system (1, 3) — (1, 5) the
problem can be studied for a medium in which gy — Og3 = 0, while the equation of
the stress surface has the form not of (1.13), but of (1, 14), It remains to show that the
relations d / dJ > 0 and d (J dd / dJ) /dJ > Ofor (1.13) imply analogous relations
d¥ /dl >0 andd (I d¥ / dl)/dl > 0for(1,14). The first of them is obvious, and
the validity of the second one can be confirmed by differentiating (1, 13) and (1,14) twice
with respect to J and I .respectively,and using the inequality

ar 2 (A) < 27 (0 _ dO

dl dk? ] dh -+ pye? edr T dkE[dh a7

In particular, for ideally plastic media (k* = const) the problem with Gz, — Ogg=he
== 0 is equivalent to that of a motion with @z — 033 = 0 for a medium with restricted
work-hardening property 12 = k2 — 1/, 3,2 e-a¥},

Below we study the simple waves for this case in detail and discuss the solution of the
problem of collapse of a discontinuity,

2. Letusputin(l,1) k? = const, vy = 0 and gy3= 0,but have Oz3 — 0435
== 0.Performing thé change of variables

6y = k cosB o<
Su+p= ""“1/2‘3‘ ke Sin 6 cos @, Ggy — Ugg = 2ksinBsing (O <p<L2m) (2.9)
we can reduce the system (1,1), (1.3) and (1, 5), in the present case, to
dv1 o k98

ap _ _ ?_C_g=
K73;+-5£-—0, B — 58 3 I:ctg(pcoseat 0
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Vs sin® dp

5 Kk sing & (.2)
0o %"; + %(p - V..ksmecostp) 0
a0
Do 6t +ksm6 = (), 2u~52~=—-ctg63 ctg(p }0
The characteristic velocities C, and C_ of the system (2, 2) are given by
a* — a? (psin® 04 4/, psin® @ + 4/ pcos® B eos® ¢ 4 K) +
-+ psin% () ( sin? ¢ K) 0, a? == p,C? (2.3)
and the inequalities hold for these velocities (1,10)

_<Vuip<C. <VEF L1000 (2.4

Use of O as a parameter for the simple wave will be expedient, The systemn (2, 2) can
then be reduced to the following ordinary differential equations
a9 _ (@ sin? @ — a?) sin @

dh ~ a’sinBcosBeosg (2.9)
Kdvy _dp _ V3 KksinG dp dvs _ ksinO
¢ T dv 2 B sing d6 ' d6 pC

In order to investigate this system, it is obviously necessary to plot the integral curves
of (2. 5). Various cases are possible, depending upon which interval the quantity K / p
arrives at, the intervals being (0,1), (1, %/3) and (#/3, o0 ). We shall assume for def-
initeness that K / p > /3, The remaining cases can be treated in exactly the same
way, The obvious symmetry implies that only the values 0 < 0 <{ n/2and 0 << @<
< /3 and the simple waves propagating to the right need be considered,

We begin by considering slow simple waves, In this case Eq, (2, 5) has the singular
points O (0, 0) and K (0, 5 /2) Expanding a? (0, ¢) near the point O gives

o 3K ,
@ = m 02 + 620 (82 - ¢?) (2.6)
Then from (2, 4) it follows that near O
@ __ 4 » @ 2.7)

Point (2 is a node point and the integral curves touch the straight line 6 = 0. Similarly
we find that the point K is a saddle point, The straight lines 6 = n / 2, @ = O and
@ = n 2 are isoclinic of dp / d0 = 0 and § = 0 is an isoclinic of d¢ / df = oo.
Moreover, from (2,8) and (2.4) we find that

wosin® 0 >p,C° (2.8)
and, in accordance with (2. 5), we have in the region considered, d¢ / d@ 2> (U, Finally
the pattern of the integral curves is shown in Fig, 2, The arrows show the direction in
which the values change in a simple wave, The direction is determined by the inequality
dA [ 8t > 0, which reduces by virtue of (2.2) and (2. 8) in the region considered to the

condition 50 /9t < 0 (2.9)

Let us inspect the changes which the remaining quantities undergo in the slow wave
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dve - ksin®
)3 =" —0

By (2. 9) the variation Av, << 0 and is bounded, since dv, / df tends according to (2. 6)
to unity when 0 - 0.

‘P 9 dvl V3 & sin @ d(pC
) T2 p sing db

Jr/2 The variation Ay, > 0 and is bounded, since by (2. 6) and
(2.Mdvy / d8 — 0 as 8 — 0.
3) Finally, 0y = k co0s 0 and 0y, varies as p, since

B the equation of motion implies that dgyy, / d0 = — poC
dv, / d9.The integral curve on the Gy, 0, -plane has the
o/ form ao (see Fig,4 below),

It is clear that the value | ¢4» | = k can always be attained
in a slow plastic wave, We also note that the changes under-
gone by all quantities in such a wave are restricted,

J n/2 9 The fast simple waves are studied in an analogous manner,
Fig, 2. Figure 3 depicts the integral curves on the 0, ¢-plane, By
virtue of the inequality (2.4) we have d¢ / dB <C 0. The
straight lines 0 = 0, 0 = /2 and @ = 5t / 2 are iso-
clinic of d@/ dB = oo and the line ¢ = ( is an isoclinic
of dg / d0 = 0. We have the following singularities: )
which is a saddle point, dg /d0 = —¢ /0 and M {m /
/ 2, 0) which is a node, the integral curves touch the line
0 =n/2

a9 _ (4 _ F\ e —0— i) 2.1
0 8 T db1 (1 > &1 (91“6 2 (2.10)
[
Fig, 3 As in the previous case, all quantities in the fast wave

vary monotonously, We find that Av, > 0 and Agy; <0
and are bounded as before, while v, and —0y, increase without bounds, Since ¢ — 0
when 8 — ;t / 2, by (2.10) we have

dvy _ Y3 & sinb dop L~ 1 9 1

8T 7772 Tp sing do T e & T o

The integral curves on the Oy, Op2 -plane have the form Aa (Fig. 4).

As was already shown in Sect 1, neither the fast nor the slow plastic waves do break
up,

it remains to consider the simple plastic waves for which 0 cannot be used as a para-
meter, i,e, the waves with 0y, = const. Let 1t (%, ) be the parameter of such a wave,
The second equation of (1, 5) supplies an alternative: dv, / dp = 0 or dp/dt = 0, 1i.e,
C = 0. In the first case (1,4) implies Yo, = 0 (p== A [/ 8%). Settingp = U we
obtain a solution which is a constant and 03 =  represents the limiting case of a fast
plastic wave which propagates without distorting its form when Oy = ug; When C =0
x can be used as a parameter of a simple wave, The system (1, 1), (1,3), (1.5) then
reduces to



302 Ia.A.Kamenlarzh

i 62
2 o, 90, (ot p) =0

, i
Y (03 — 033) = 0,  ¥/4(o + p)* + Opa® 4 A (033 — Ogq)? = K2
611 == const, v1 = const

and describes two types of solutions,

1) ¢ == 0; 0;; and v, are constant, |0y, | = k; Yy dvp/dz = o (p >0

s, and is arbitrary eisewhere), The magni-

tude of vy in this solution varies arbi-
« k P trarily and its sign is determined from
W the condition ¢ > O by the sign of
Gy2.

2) ‘p = 0; G115 G120 Vg and Uy
are constant, (r,, and Ogg vary arbi~
trarily,

In the limit (e, g. in the self-similar
problem) these solutions reduce to two
types of discontinuities encountered in
the theory of quasi-static motions of a

Fig, 4. plastic medium [6], In the first type of
discontinuity pure shear occurs on both
sides and the stresses are continuous, while at the second type discontinuity the velocities
are continuous and the deformation velocities at both sides cancel each other (p = 0).
Both discontinuities are of the contact type,

Other waves such as elastic longitudinal and transverse may appear in the medium under
consideration in addition to the plastic waves, and their parameters vary in the following,
well-known manner; for the longitudinal wave we have

[V

4
poC* = K + 3 Acyy = — poC Avy,  ASpy == ASgy =

—3KL2
= T3k /mp PeC Ay, Asyy =0, Av,=0 (2.41)
and for the transverse wave we have
(2.12)
poC1= W, A0y = A0y = Adgg = 0, Av; =0, Aoy, = —p,Cy Av,

Let us investigate the solution to the problem of collapse of an arbitrary discontinuity,
Suppose the values of ¢; and v; are given at £ = Q as s;;* and u;* for z > Oand
as §; and u; for x <O (u;* << u; ).All constants entering the equations and initial
conditions of the problem have the dimension of velocity, density or stress; therefore a
single dimensionless combination can be formed from x and ¢ (e.g. xt™ (K /p,)~"f%)
and the problem is self-similar,

In the region x > 0 the self-similar solution consists of elastic shock waves and simple
plastic waves propagating to the right and separating from each other by regions in which
all parameters have constant values, The order of the wave propagation is determined
by the inequality (2, 4).

Let the initial state for x > 0 be elastic and represented on the Gy, 0y -plane by
the point () (Fig. 4), Points lying on the segment AB can be reached in the
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longitudinal elastic wave, and the points A and B themselves correspond to the emerg-
ence at the stress surface, On the 0, ¢ -plane the points corresponding to A and B are
symmetric with respect to the straight line ¢ = 7t / 2 (p = 3x / 2), since by (2,1) and
(2,11) we have
cos 6 (4) = 0yy (A) = 0,3 (B) = k cos 0 (B)
2k sin Osin @ (A) = 053 (4) — 043 (A) = 033 (B) — 033 (B) = 2k cos 0 sin ¢ (B)
The longitudinal elastic wave may be followed by a fast plastic wave (curves Aa and
Bb in Fig, 4), As was shown before, 0y, may vary in this wave without restrictions,
The states represented in Fig, 4 by the point of the curve aAQBb, i.e. after the pass-

age of the fast plastic and longitudinal elastic waves, may be traversed by a transverse
elastic wave in which we reach the states represented by the elliptic arc 4CB (%)

2.13)
3 3K 1 4 2 ( :
60 + - (m Syt — Ts.)::k + ﬁm 511) =k* — 7 (524" — 555%)"

and the curve a’A’C’B’b’ symmetrical with respect to aACBb relative to the straight
line 0;5 =0. The formula (2,13) is obtained from the condition of plasticity with the
help of (2,11) and (2,12), the curves aACBb and a’ A’C’B’b’ are symmeuic since in
the transverse wave 0,, is the only stress that varies and the initial and final points (e, g,
a and a’) lie on the load surface,

In what follows, the propagation will be limited to the slow plastic waves (the curves
ao, a’a’, bP and b’ in Fig, 4) in which, as was shown before, the value of | 0y |=
= [ 15 attained, The state of stress with arbittary @y, and Oy, |0Oy2|<Ck (the last
inequality is dictated by the condition !/, g;;'0;;/ = k?) can be reached from any pre-
scribed initial state and this yields a solution to the problem on an oblique shock, i.e.
to the problem in which a load ¢y, and 0,, is applied to the surface 2 = () at the time
t = 0 and remains constant henceforth, This problem was studied in [1, 2 and 7] under
the condition Oy — 033 = 0

To construct a solution to the problem on collapse of the discontinuity we must inspect
the variation of v; from the given initial state $ij; and U; along each path on the
O11» O12-plane, Let the following relation hold for the waves propagating to the right

vt = ut + f; (oy, 0y, sifY), vt = uyt + f2 (04, Oy, st (2.14)
Then for the waves moving to the left we have
W =1U — f; (On, Oy, Sij ), Vo = Uy — fo(Ou, Ouas Sij ) (2.15)

The variation of velocity is not restricted in the fast plastic wave, and is restricted in
the remaining waves, Hence

lim £; (011, 0100 81)) = — 00,  lim f; (013, O1gy 815) = + 00

@,y Gyy—+—00
Then from (2,14) and (2,15) it follows that for any $;; and u; on the 0y, ;3-plane
and for any value of Ojz a point exists in which v;* = v; . These points form a curve
I', onthe &y, Gy -plane,

*) If the initial state @ lies on the load surface, it is represented by one of the points
A, A', B, B’ lying on the corresponding ellipse,
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In certain cases (e, g, when the initial discontinuity is sufficiently small and s;; as
well as si_,- lie within the elastic region), a curve Iy also exists, intersecting I' 1 OD
which v;* = v, , The point P of intersection of I'; and I', gives a solution of the pro-
blem of collapse of a dlscontmulty consisting of integral curves connecting, on the 0y,

U;2 -plane the points (s'n, 312) and (.sl1 » S12 ) with P, and a contact (second) type dis-
continuity discussed previously, The only quantities which undergo a jump are ¢, and
Cgg.

The cutves I'y and I, need not intersect, The curve I'y does not even always exist
Since the variation of v, in the elastic and plastic (fast and slow) waves is restricted,
Vot and vy~ do not coincide when | u,t — uy7|is sufficiently large, In this case we
have, at the surface z = () a contact aisconunuity of che first type, The states of stress
on the 04y, 0;3-plane at both sides of such a discontinuity are represented by the inter-
sections of I'y with 0y, == k or with 033 = — 4. The condition sgn ¢;, = sgn (v, —
— ;) enables us to choose this point unambiguously, Since I'; does not intersect 1'p,
the last sign along I', is retained, Connecting the selected point with the initial points
by means of the integral curves, we obtain a solution to the problem of collapse of the
initial discontinuity.

The jump suffered by the value of the transverse velocity component is characteristic
for the ideally plastic media, and the media with restricted work-hardening property, A
situation discussed in [2] is typical for the media with unrestricted work-hardening pro-
perty, Numerical calculations in [2] indicate that in a slow plastic wave g;, — oo, Oj3—

— 0y — U and oy, is restricted, (These conclusions could easily be reached in 2z gqualica-
tive manner, as one of the equations of the system becomes separated from the other
equations just as in the exdample discussed previously), Estimating the terms of the char-
acteristic equations we then find that C_ ~ 0, Choosing o0,, as the parameter of the
simple wave we find from the equation of motion that in the slow wave dv, / doj, =
= —(poC )~* ~ 0y and v, — oo in the slow wave, Apparently in this case v, can always
be made continuous at the contact discontinuity,

Thus we find that under the assumption made about the medium and the class of the
problems considered, an arbitrary discontinuity decomposes into elastic shock waves,
simple plastic waves and a contact type discontinuity, No discontinuities in the plastic
region exist that would require additional conditions to be obtained, The fact that the
simple plastic waves do not break up in the more general case discussed in Sect, 1 ena-
bles one to conclude with sufficient confidence that in the present case the situation will
remain exactly the same and the only discontinuities that need to be considered will be
the elastic shock waves, the contact type discontinuities and discontinuities representing
limiting cases of the simple waves propagating with constant speed,

The author expresses his gratitude to A, G, Kulikovskii for valuable advice and to
L. I, Sedov for useful discussions,
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The asymptotic method presented here for one-dimensional nonlinear dynamic
systems described in terms of partial differential equations with a small parameter,
uses a known solution of the unperturbed problem as the basis for constructing

an approximate solution on the prescribed variable range, which will tend to its
exact value when the small parameter tends to zero, The method is based essen-
tially on varying the arbitrary constants entering the unperturbed solution and
constructing, for the slowly varying functions of the coordinate and time thus cre-
ated, a system of differential equations the form of which depends on the degree
of approximation, These equations remain nonlinear in the partial derivatives
thus retaining the specific character of the problem and are, at the same time,
easier to analyze than the initial equations,

The substantiation of the method is reduced to proving a theorem on continuous
dependence of the solution of the system of partial differential equations on the
variation of its right-hand sides, and the proof is given here for hyperbolic and
symmetrical parabolic systems,

The procedure considered here embraces, as its particular cases, the known
asymptotic methods of the perturbation theory [1, 2] of the geometrical optics
[3, 4] and the methods [5, 6] related to the method for ordinary differential equ-
ations which are almost linear [7],

1, Let us consider a system of differential equations of the form

N@y=u,+ A@,z,t,% 1t)u, + B, z,t,%, 1) =



